In this paper we examine the validity of the linear perturbation theory near a bounce in the covariant analysis. Some linearity parameters are defined to set up conditions for a linear theory. Linear evolution of density perturbation and gravitational waves have been computed previously. We have calculated the vector and scalar induced parts of the shear tensor. For radiationlike and dustlike single fluid dominated collapsing Friedmann-Lemaître-Robertson-Walker background it is shown that the linearity conditions are not satisfied near a bounce.
I. INTRODUCTION
The cosmological models for a collapsing universe approaching an expanding one through a nonsingular bounce or its cyclic repetitions are being studied over a long time [1] - [8] . For example, in a dustlike scalar field dominated contracting Friedmann-Lemaître-RobertsonWalker (FLRW) background both the curvature perturbation ζ and the Bardeen potential Φ have been observed to grow, whereas in an expanding phase ζ remains constant and Φ decays [9] . Such growing modes of the perturbations raise doubts on the validity of the linear perturbation theory close to the bounce [10] . However, some recent papers [11] , [12] claim that there exists a choice of gauge in which the linear approximations remains valid, whereas in other commonly defined gauges such approximations become invalid.
The power spectra of Φ and ζ are given in [12] for a contracting phase (just before the bounce) and for an expanding phase (long after the bounce). Φ has a constant mode and a growing mode close to the bounce. For example, in a dust dominated contracting flat FLRW background, Φ behaves as
where η is the conformal time and a is the scale factor, a ∝ (−η)
2 . Due to the growing mode, Φ becomes very large near the bounce. On the other hand, although ζ grows near the bounce, its amplitude remains always less than the constant mode of Φ. If the perturbations are assumed to be small at some initial time far away from the bounce then the constant mode of Φ and hence ζ remain small near the bounce. In order to examine the effect of these growing modes of Φ and ζ on the validity of linear approximations, one needs to compare metric perturbations with their background values. Metric perturbation about an FLRW background is written as
Let us consider the scalar perturbation φ, defined by g 00 = −1 + 2φ. A necessary condition for the perturbation to be linear is that φ ≪ 1. In the Newtonian gauge, φ is equal to the Bardeen potential Φ. Now from the behavior of Φ it is evident that φ ≫ 1, close to the bounce. On the other hand, in the uniform curvature gauge φ = 3 2 (1 + w)ζ in a single fluid dominated phase. Since ζ is small close to the bounce, φ also remains small. It shows that the perturbation remains linear close to the bounce if one uses the uniform curvature gauge instead of the Newtonian gauge. Similarly, at the bounce, where Hubble's constant goes to zero, neither the Newtonian nor the uniform curvature gauge but the synchronous gauge preserves the linearity of the perturbation. This shows that there exists at least one gauge in which the perturbations remain small near bounce so that linear perturbation theory holds. But in other gauges perturbations grow.
The purpose of this paper is to analyze the problem in a fully covariant approach first proposed by Hawking [13] and further developed in [14] . In this approach, the dynamical variables are fully gauge invariant and hence, the analysis is completely independent of the choice of gauge conditions. Moreover, in contrast with the perturbative expansion of Einstein equations used in standard perturbation theory, the dynamical equations are exact and nonlinear. One can relate the variables used in the covariant analysis with the gauge invariant variables used in the standard perturbation theory. For example, the vector ζ a , defined in Eq. (26) of Sec. III, can be seen as a generalization of the curvature perturbation ζ, used in linear theory. In particular ζ a coincides with the usual ζ for long wavelengths, but the two quantities differ on small scales, where spatial derivatives cannot be neglected.
We consider collapsing radiation and dust dominated FLRW backgrounds. First, the linear perturbation equations are solved in these backgrounds near the bounce. Then these solutions are used to compare the linear and nonlinear terms in the full nonlinear perturbation equations to investigate the validity of the linearized approximations. Our discussion is general and not specific to a particular model of bounce.
So far it has been checked whether perturbations are sufficiently small compared with their background quan-tities. If that criterion holds, second order perturbations are assumed to be even smaller and linear perturbation theory is considered to be a good approximation. But this test will not work in covariant formalism as the background values of the gauge invariant perturbations are zero. In the present work, we have checked whether higher order perturbations are truly smaller compared with 1st order ones. We will show that the answer is not positive for all perturbation modes near bounce.
The outline of this paper is as follows. In Sec. II, we set up our notations and give a brief introduction to the covariant perturbation theory. In Sec. III we list all the gauge invariant variables. In Sec. IV we give the full nonlinear perturbation equations and their linearized versions close to a flat FLRW background. Also the conditions for validity of the linear approximation are set up. In Sec. V we present the solutions of the linearized equations for a radiation and dust dominated background and finally, in Sec. VI we compare the first and higher order terms in full nonlinear equations.
II. THEORY OF COVARIANT COSMOLOGICAL PERTURBATION
In the standard perturbation theory [15] , [16] , [17] we consider an idealized model of universeS, usually a FLRW one with metricḡ ab , energy densityμ, pressure densityp, etc. Then we perturb the model to obtain a realistic universe S with corresponding quantities g ab , µ and p. The perturbations at each space-time point q is defined as the difference of these quantities at q.
But S andS have different manifold structure. Mathematically these means we have to define a map Φ fromS to S. Then we can pull back each quantity µ in S to its image Φ * µ inS.
Then the perturbation is defined as
There are coordinate freedoms in both the manifolds S andS and these choices determine the map Φ. These arbitrariness in the Φ makes the definition of Φ * µ(q) and hence δµ ambiguous. This is the gauge freedom in µ.
To study the evolution of perturbations we have to fix the gauge i.e. specify the map Φ, then there will be no ambiguity in δµ.
But, S is the realistic universe andS is our theoretical idealization. Given a physical universeS we can not construct the background model S uniquely without any further information.
In [13] , [14] an alternative representation to standard perturbation theory is given. This representation involves quantities, whose background values are zero. Suppose f is such a quantity, defined on S. Then we can consider f itself as the perturbation variable and it is completely gauge invariant. Consequently, the evolution equations for f are fully covariant. The quantities, which do not vanish on background space-time, are called zeroth order variables. By the statement, "The background space-time is flat FLRW," we mean that zeroth order quantities are governed by the Friedmann equations with zero 3-curvature. Now we consider a general perfect fluid flow in curved space-time [18] , [19] . In cosmological context, there will always be a preferred family of world lines representing the motion of typical observers. Let the four velocity of those fundamental observers be u a .
where τ is the proper time along the fundamental world lines. The metric of the 3-space, orthogonal to u a , is
Time derivative of any tensor S a...
The first covariant derivative of four velocity can be written as
Where the trace ∇ a u a = θ is the expansion, traceless symmetric part, σ ab = σ (ab) is the shear tensor, antisymmetric part, ω ab = ω [ab] is the vorticity andu a is the acceleration. We can define a scale a(τ ) along each world line as
a can be determined up to a multiplicative constant.
The space-time curvature (Riemann) tensor
is made up of Ricci tensor R ab and the tracefree Weyl tensor components C abcd .
The trace part R ab is determined by the Einstein equation
κ = 8πG is the Plank length squared. The energy momentum tensor T ab for a perfect fluid can be written in terms of energy density µ, pressure density p and u a ,
The energy-momentum tensor must satisfy the conservation equation,
III. GAUGE INVARIANT VARIABLES
A FLRW model is a perfect fluid space-time characterized by the conditions [14] ,
which implies
where t is the cosmic time, defined by u a = −∇ a t; and, Weyl tensor vanishes
So this space-time is conformally flat.
From the above characterization, we can list some simple gauge invariant quantities [20] : (1) Shear, vorticity and acceleration,
Rotation vector is defined as ω a = 1 2 ǫ abc ω bc . ǫ abc is LeviCivita tensor in 3-hypersurface defined by ǫ abc = η abcd u d . (2) "Electric" and "magnetic" parts of the Weyl tensor,
(3) Spatial gradients of the energy density, pressure density and expansion,
There are many other gauge invariant quantities, which vanish in the background model. We should mention two of them those will appear in the evolution equations.
It is evident that µ, p and θ are zeroth order variables, whereas those defined in (19) - (24) are called first order variables. We can construct higher order variables from first order ones as
The comoving fractional density gradient, defined as D a = a Xa κµ , is similar to the variable δ = δµ/µ, used in standard perturbation theory and is observable in principle. So we will concentrate on the equations of X a . The gauge invariant quantities defined in (19) - (23) form a closed set of equations, as will be seen in the next section.
To demonstrate the relation between covariant and coordinate based approaches let us define another variable ζ a as [21] , [22] 
A cosmological space-time, close to the flat FLRW geometry can be described by the metric in comoving coordinates,
The matter content is a perfect fluid with energy density µ(t,
At linear order, spatial components of ζ a are
Up to linear order δa/a can be written as
So, ζ S coincides with familiar definition of comoving curvature perturbation ζ = ψ − Ḣ µ δµ when the spatial gradients are negligible. For adiabatic perturbations, ζ S is conserved at all scales whereas ζ is conserved only for large wavelength modes.
IV. DYNAMIC EQUATIONS AND CONSTRAINTS

A. Exact equations
The time and space components of the energymomentum conservation equation (15) leads tȯ
The Raychaudhury equation gives the evolution of θ along fluid flow lines [23] , [24] θ + 1 3
To solve the zero order background equations (31) and (33) we need the matter equation of state in the form p = p(µ). Then (23) and (32) imply thatu a and Y a can be written in terms of X a . The equations for X a and Z a are given in [14] 
where,
Equations for four other variables ω ab , σ ab , E ab and H ab are given in [13] 
We have used following notations [25] :
e . There are also constraint relations which must be satisfied at some initial time on each world line [13] ,
B. Linearization about FLRW model Let us consider the universe to be almost FLRW and linearize the perturbation equation. Since µ, p, θ are zeroth order variables, we consider only zeroth order terms of (31) and (33). Then the Raychaudhury equation becomesθ
Now a can be interpreted as the Robertson-Walker scale factor. Linearized forms of the perturbation equations become
Since background FLRW universe is flat, R is a first order quantity. That is why the 1st term in the right hand side of (35) is neglected in (48). Also we have the constraints,
C. Condition for linearity
In the standard perturbation theory, linearization is justified if the perturbations are small with respect to corresponding background quantities. The gauge invariant variables defined in Sec. III are nonlinear and so far we have not assumed any "smallness." However when we consider the linear evolution, some conditions have to be imposed. They cannot be compared with corresponding background quantities, because those are zero from the definition of gauge invariant variables. The definition of dimensionless variable [26] is not unique, because one can multiply any power of scale factor a, and that variable remains dimensionless. The natural way is to demand that higher order terms of perturbation equations remain small with respect to first order terms.
Let us concentrate on the evolution of density perturbations X a . It is observed that X a is coupled with Z a up to linear order in Eqs. (34) and (35). To compare nonlinear terms of those equations with linear terms we define following parameters:
The linear perturbation theory is valid for the solutions of (34) and (35), if the following conditions are satisfied throughout the regime under consideration:
(1) ε 1 , ε 2 ≪ 1, (2) ε 3 , ε 4 , ε 5 , ε 6 , ε 7 ≪ 1, and/orε 3 ,ε 4 ,ε 5 ,ε 6 ,ε 7 ≪ 1.
V. SOLUTION OF LINEARIZED EQUATIONS FOR SPECIFIC MATTER DESCRIPTION
Now we will concentrate on adiabatic perturbations in a collapsing FLRW background, for "Dust" and "Radiation" dominated cases. The solutions of coupled equations (47) and (48) for X a and Z a are obtained independently. Thenu a is found from (32). The ω ab also obtained from (49). Then we can solve (50)-(52) using ω ab andu a as a source.
Let us consider equation of state of the dominating single fluid near bounce is
Zeroth order quantities, obtained from (31), (46) and (10) are
We assume the bounce occurs at t = −t b such that t b is of the order of Plank scale. The initial time t = −t * is well inside the regime dominated by the single fluid considered here such that, a b = a(−t b ) << 1. The constants M and t * have the following relation:
The acceleration is expressed in terms of X a aṡ
Now substituting (60) in (48) and using the background quantities from (58), we extract the second order differential equation of X a from (47) and (48).
In principle, we can solve (61) and obtain Z a from (47). Solutions for density perturbation D a = a Xa κµ for radiation and dust dominated FLRW background are given in [27] and [14] respectively.
The ω ab is easily obtained from (49). Since X a and henceu a is spatial gradient of a scalar, the right-hand side of (49) can be simplified for a torsion-free manifold.
Substitution of this in (49) results in simple evolution of ω ab .
whereΩ ab = 0. Let us consider another important quantity,
For any first order (0,2) tensor λ ab in FLRW background, the time derivative and spatial divergence do not commute; rather, they satisfy the following relation:
Using (62) and (64) we get the evolution of r a ,
The other three variables σ ab , E ab and H ab are tracefree symmetric tensors. Equations (50)-(52) can be recast in the form,
where, △λ ab =λ ab −∇ 2 λ ab =λ ab − h 
The homogeneous parts of the differential equations (66)-(68), obtained by setting X a , Z a , ω a equal to zero give the pure tensor perturbations or gravitational waves [13] , [28] . However there are inhomogeneous parts of those equations. We have presented the solution of the inhomogeneous equation (66) for σ ab , using X a , Z a and ω a as source. In particular, we will consider superhorizon modes which are responsible for large scale inhomogeneities.
A. Radiation, "w = 
Since X a is constructed from a scalar µ, we can expand X a in Fourier modes in terms of spatial harmonics, defined in the Appendix,
The last term in the left-hand side of (71) reduces to,
Thus we obtain an equation for Fourier mode X(k, t),
The first term in the coefficient of X in (74) grows as t −2 ∼ a −4 , whereas the second term grows as a −2 . So except for some very short wavelength modes the first term dominates over the second, near the bounce.
In terms of conformal time,
the general solution of (74) becomes
where J is Bessel function and Y is Neumann function.
For superhorizon modes,
In that limit, −
<< 1, we can use the asymptotic expansion of Bessel functions for a small argument.
(78) Then, using (47), we obtain
(80) θ * is the value of expansion at initial time surface t = −t * .
The equation (66) for radiation dominated background takes the form,
σ ab is a traceless symmetric tensor and one can decompose it in three parts,
First two terms in the right-hand side of Eq. (81) are constructed from scalars, whereas the third term is originated from a divergenceless vector.
From (65) we can expand r a in Fourier modes for w = 
Using the Fourier expansion, (82), (83), (84) and (86), the Eq. (81) can be decomposed into three parts,
where
Using conformal time (75), the propagation of gravitational waves are obtained from (87) [28] ,
(91) In the superhorizon limit −kη = 2kt * a ≪ 1,
In this limit we can omit the (88) and (89) are
Propagation of accelerationu a and its spatial derivatives A, A a are obtained from (60), (24) and (78),
In a dust dominated background, the density perturbation is scale invariant, as evident from (61). Also the acceleration is zero. The behavior of X a and Z a are [14] 
However, the shear is not scale invariant. For superhorizon wavelengths, pure tensor components of σ ab are [28] 
The vector and scalar components of σ ab are found to be
VI. COMPARISON OF LINEAR AND NONLINEAR TERMS
We have seen that each variable has a growing mode(s) near the bounce. But this growing mode(s) can be absorbed by a mere redefinition of that variable. For example, if a variable f behaves as f ∼ a −n near the bounce, then we can construct a new variablef = a m f , such that m ≥ n, which remains finite. So the growing modes of perturbations do not rule out their linear evolution. In order to investigate whether the perturbations remain linear near the bounce one needs to compare linear and nonlinear terms of the perturbation equations using the behavior of linearity parameters defined in Sec. IV C.
A. Radiation dominated case
Near the bounce, we will consider only the dominating modes of different variables.
The higher order value of curvature perturbation (36) is
where,X a ,Z a , U a ,Ā,Ā a , Ω ab , Σ ab andR are time independent. Using the commutation of time and spatial derivatives,
withΩ a =Σ a = 0. Now we can calculate the linearity parameters defined in (56),
Let at some time slice t = −t 1 , such that t * ≫ t 1 ≫ t b , linearity conditions are satisfied. So ε 2 (−t 1 ) = |Σ 
So, in this case also some of the parameters ε 1 , ε 2 , ε 5 , ε 6 , ε 7 may become order 1, near the bounce.
VII. CONCLUSION
Previously it has been shown [11] , [12] that in some commonly defined gauges linear perturbations grow so much near the bounce that that may invalidate the linear perturbation theory. But the perturbations remain small if one uses some other gauge fixing condition. It has been argued that the commonly defined gauges are not well defined near and at the bounce. Hence linear perturbation theory is valid if one uses only the well-defined gauge. Naturally, a question arises whether these results are real or gauge artifacts.
In order to investigate this issue we used the covariant approach to perturbation theory. We focus on the evolution equations for density perturbation X a . The validity conditions of linear approximation of the (nonlinear) density perturbation equations are set in terms of some linearity parameters. Then the linear perturbation equations are solved for a collapsing FLRW background near the bounce. The solutions are used to compute the linearity parameters. It is found that some of those parameters grow beyond order unity near the bounce in both radiation and dust dominated cases. That means the nonlinear terms are comparable to the linear terms. So unless some special initial conditions are imposed on the variables such as shear and vorticity, perturbations may not be linear near the bounce.
Thus we conclude that perturbations may not be linear near the bounce and linear perturbation theory may not be adequate to give proper evolution of perturbations through the bounce. In sharp contrast with the result obtained in [12] our result is independent of choice of gauge. We used gauge invariant variables that were not assumed to be small with respect to background. So one can evolve them through the bounce and match with corresponding quantities in the expanding phase-but this would require the full nonlinear analysis.
In this work, we consider only the contracting branch and used general relativity with usual matter distribution as a correct theory to describe the dynamics of the universe. To investigate the nonlinearity of perturbations in a concrete manner, we have to take specific models of bounce. Currently we are working on this issue and hope to report in future.
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Appendix A: Spatial Harmonics
The tensor eigenfunctions (harmonics) of the spatial Laplacian∇ 2 = h ab ∇ a h c b ∇ c listed below [15] , [29] , are solutions of the tensor Helmholtz equation. 
Vector and tensor eigenfunctions constructed from the scalars are 
